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Abstract
This paper revisits the nonlinear realization of spontaneously broken N = 1 super-
symmetry. It is shown that the constrained superfield formalism as proposed in [6] can
be reinterpreted in the language of standard realization of nonlinear supersymmetry via
a new and simpler route. Explicit formulas of actions are presented for general renormal-
izable theories with or without gauge interactions. The nonlinear Wess-Zumino gauge is
discussed and relations are pointed out for different definitions of gauge fields. In addition,
a general procedure is provided to deal with theories of arbitrary Kahler potentials.
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1 Introduction
N = 1 supersymmetry (SUSY) is arguably the most attractive extension of the standard
model. It provides a natural framework to include light scalars and is compatible with
precision experiments. It also provides tantalizing indirect evidences for grand unification
theories. Hopefully, it is to be discovered in LHC experiments.
If the fundamental theory is renormalizable, one may start with the linear realization
of SUSY, which can most conveniently be formulated by the notion of superspace (see, for
example, [1]). Elements of the superspace are (x, θ, θ¯). Superfields Ωˆ(x, θ, θ¯) are functions
of superspace1 with their component fields as coefficient functions of x in their power
series expansion in terms of θ and θ¯:
Ωˆ(x, θ, θ¯) = φˆ+ θψˆ1 + θ¯
¯ˆ
ψ2 + θσ
µθ¯vˆµ + θ
2Fˆ1 + θ¯
2Fˆ2 + θ
2θ¯ ¯ˆχ1 + θ¯
2θχˆ2 + θ
2θ¯2Dˆ (1.1)
SUSY transformations on superfields are realized by differential operators ξQ+ ξ¯Q¯,
δξΩˆ(x, θ, θ¯) =
(
ξQ+ ξ¯Q¯
)
Ωˆ(x, θ, θ¯) (1.2)
which mix different components in Ωˆ(x, θ, θ¯) linearly. Here
Qα = ∂α − i(σµθ¯)α∂µ, Q¯α˙ = −∂α˙ + i(θσµ)α˙∂µ (1.3)
Explicit transformation laws of component fields can be found from (1.2) by matching
appropriate powers of θ and θ¯. For many purposes, one defines two superspace covariant
derivatives:
Dα = ∂α + i(σ
µθ¯)α∂µ, D¯α˙ = −∂α˙ − i(θσµ)α˙∂µ (1.4)
which anti-commutate with Qα and Q¯α˙.
To be consistent with existing experiments, the linear SUSY must be broken and
broken spontaneously if one wishes to retain its salient virtues. According to the gen-
eral theory of spontaneously symmetry breaking, there must exist a massless Goldstone
fermion (Goldstino) field associated with this breaking. The low energy physics related to
Goldstino field could be relevant at the TeV scale2. To deal with these physics, it proves
1To simplify presentation of the nonlinear theory, superfields and their components in the linear theory
are hatted while their counterparts in the nonlinear theory are not.
2Actually, the Goldstino becomes part of the massive gravitino when SUSY is spontaneously broken,
as (super-)gravity is omnipresent. However, the lower energy physics will be dominated by the Goldstino,
if the SUSY breaking scale is not particularly high.
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to be expedient to work with their nonlinearly realized versions. It can be particularly
useful if the system is strongly coupled, as exemplified by the low energy effective theory
of hadronic physics [2].
Starting with the work of [3], such a low energy effective theory has been developed
over the years. Most of the developments were summed in the framework of standard
realization of nonlinear SUSY (see, for example, [1]). In this framework, a Goldstino field
λ is presumed to exist3 which transforms as [3],
δξλα =
ξα
κ
− iκ(λσµξ¯ − ξσµλ¯)∂µλα (1.5)
under SUSY transformations. Other fields are referred to as matter fields and they all
are assumed to transform as,
δξζ = −iκ(λσµξ¯ − ξσµλ¯)∂µζ (1.6)
To deal with chiral super-multiplets, it is convenient to define the chiral equivalents4 λ˜
and ζ˜ via [4]
λ˜α(x) = λα(w), ζ˜(x) = ζ(w), (1.7)
with w = x− iκ2λ(w)σλ¯(w), such that the Goldstino and matter fields transform as,
δξλ˜α =
ξα
κ
− 2iκλ˜σµξ¯∂µλ˜α, δξ ζ˜ = −2iκλ˜σµξ¯∂µζ˜ (1.8)
In some sense, it is a subject of ancient history, as much activities happened before the
1990s. Renewed interests emerged recently. In [6], a new approach has been proposed by
using constrained superfields instead of a manifestly nonlinear realization. The Goldstino
field is supposed to reside in a (constrained) chiral superfield XˆNL. The standard super-
space technique is retained to write out Lagrangians while superfields are constrained to
include only light degrees of freedom. In [7], it was proved that such a procedure can be
reformulated in the language of standard realization of nonlinear SUSY.
Motivated by these developments, we revisit the nonlinear formulation of sponta-
neously broken N = 1 linear SUSY. In [8, 9, 10], it has been shown that any spontaneously
3The construction of the λ field out of fields in the linear theory had been discussed in [10]. For general
O’Raifeataigh-like models, an explicit expression has been worked out in [5]. In this paper, this issue will
not be addressed.
4This is to be illustrated by discussions at the end of Section 3.1. Notice that the roles of (λ˜, ζ˜) and
(λ, ζ) are reversed from those in [4, 5, 7], to simplify presentations. Also, the symbol z is reserved for
substitution rules presented in later sections.
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broken linear SUSY theory can be reformulated into a nonlinear one by appropriately
changing superspace variables. In this paper, this procedure will be adopted and con-
verted to the notation of [1]. It will be shown that the constrained superfield formalism
as proposed in [6] can be reinterpreted in the language of standard realization of nonlinear
supersymmetry via a new and simpler route. We will present explicit formulas of actions
for all renormalizable theories with or without gauge interactions. Particular attentions
are paid to kinetic energies of chiral and vector superfields. The nonlinear version of the
Wess-Zumino gauge is discussed. In addition, relations have been pointed out for canon-
ical gauge fields and those emerged naturally in the nonlinear reformulation. A general
procedure is also provided to deal with theories of arbitrary Kahler potentials.
The paper is organized as follows. Section 2 briefly reviews the general formalism of
constructing nonlinear SUSY out of linear ones. We apply the formalism to pure chiral
superfields in Section 3 and to gauge superfields and gauge interactions in Section 4, plus
comparisons with the constrained superfield formalism. We conclude in Section 5. Listed
in Appendix A are expressions for the Akulov-Volkov action as well as the Jacobian of
coordinate transformation. Listed in Appendix B are Taylor expansions of nonlinear chiral
superfields in terms of θ and θ¯. Shown in Appendix C is a general procedure to deal with
theories of arbitrary Kahler potentials.
2 Constructing nonlinear SUSY out of linear SUSY,
a brief review
The general formalism in [8, 9, 10] will be adopted, but in the notation of [1]. This section
provides a brief review of the strategy, which will be elaborated more in later sections. As
shown in those papers, a set of nonlinearly realized fields can be obtained from a linear
superfield via a SUSY transformation parameterized by ξ = −κλ(x) and ξ¯ = −κλ¯(x)
Ω
(
x, θ, θ¯
)
= exp
{−κλ(x)Q− κλ¯(x)Q¯} Ωˆ (x, θ, θ¯) (2.1)
Under SUSY transformations,
δξΩ = −iκ(λσµξ¯ − ξσµλ¯)∂µΩ (2.2)
if Ωˆ transforms according to (1.2) and λ according to (1.5). Defining new component
fields in Ω according to its Taylor expansion in terms of θ and θ¯
Ω(x, θ, θ¯) = φ+ θψ1 + θ¯ψ¯2 + θσ
µθ¯vµ + θ
2F1 + θ¯
2F2 + θ
2θ¯ χ¯1 + θ¯
2θχ2 + θ
2θ¯2D (2.3)
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we obtain φ, ψ1, · · · , D as composites of φˆ, ψˆ1, · · · , Dˆ, λ, and their spacetime derivatives.
According to (2.2), they all transform into themselves and independent of one another
under SUSY transformations. In particular, they satisfy the transformation law of (1.6).
Observe that
Ω
(
x, θ, θ¯
)
= Ωˆ
(
x+ iκλ(x)σθ¯ − iκθσλ¯(x), θ − κλ(x), θ¯ − κλ¯(x)) (2.4)
That is, the nonlinear Ω can be obtained from the linear Ωˆ by replacing superspace
arguments (x, θ, θ¯) in the latter via

x → z = x+ iκλ(x)σθ¯ − iκθσλ¯(x),
θ → θ′ = θ − κλ(x),
θ¯ → θ¯′ = θ¯ − κλ¯(x).
(2.5)
Under this set of replacements, covariant derivatives ∂µ, Dα, D¯α˙ are changed to

△µ = (M−1)µν
(∇ν + κλαν∂α + κλ¯να˙∂α˙) ,
△α = ∂α + i(σµθ¯)α△µ,
△¯α˙ = −∂α˙ − i(θσµ)α˙△µ,
(2.6)
respectively. Here ∇µ = (T−1)µν(∂/∂xν), λµ = ∇µλ(x), λ¯µ = ∇µλ¯(x), and{
Mµ
ν(x, θ, θ¯) = δνµ + iκλµσ
ν θ¯ − iκθσν λ¯µ
Tµ
ν(x) = δνµ − iκ2∂µλσνλ¯+ iκ2λσν∂µλ¯
(2.7)
This observation provides a simple procedure to convert any linear SUSY actions into
their corresponding nonlinear ones. For a generic action in the linear theory
Sgen =
∫
d4xd4θ L
(
Ωˆ(x, θ, θ¯), ∂µΩˆ, DαΩˆ, DαDβΩˆ, ...
)
(2.8)
one replaces the integration variables (x, θ, θ¯) by (z, θ
′
, θ¯
′
), so Ωˆ(x, θ, θ¯)→ Ω(x, θ, θ¯) in L
and the measure of integration becomes∫
d4zd4θ
′
=
∫
d4xd4θ detT(x) detM(x, θ, θ¯) (2.9)
where detT detM is the Jacobian. Explicit expressions of detT and detM in terms of λ
are listed in Appendix A. The end result is then
SNLgen =
∫
d4xd4θ detT detM L (Ω(x, θ, θ¯),△µΩ,△αΩ,△α△βΩ, ...) (2.10)
This completes the reformulation.
4
3 Nonlinear reformulation of chiral superfields
3.1 Fields
To deal with chiral/anti-chiral superfields, it is convenient to define the variable y =
x + iθσθ¯ for chiral superfields and its complex conjugate y† = x − iθσθ¯ for anti-chiral
superfields. Covariant derivatives are then
D+α = ∂α + 2i(σ
µθ¯)α∂µ, D¯
+
α˙ = −∂α˙ (3.1.1)
in terms of (y, θ, θ¯) and
D−α = ∂α, D¯
−
α˙ = −∂α˙ − 2i(θσµ)α˙∂µ (3.1.2)
in term of (y†, θ, θ¯). Replacing (x, θ, θ¯) by (z, θ
′
, θ¯
′
) in (2.5), one has
y → y − 2iκθσλ¯(x) + iκ2λ(x)σλ¯(x)
y† → y† + 2iκλ(x)σθ¯ − iκ2λ(x)σλ¯(x)
(3.1.3)
One is then led to define two sets of new substitution rules [8, 9, 10],

x → z+ = x− 2iκθσλ¯(x) + iκ2λ(x)σλ¯(x), chiral
z− = x+ 2iκλ(x)σθ¯ − iκ2λ(x)σλ¯(x), antichiral
θ → θ′ = θ − κλ(x),
θ¯ → θ¯′ = θ¯ − κλ¯(x)
(3.1.4)
Accordingly, covariant derivatives ∂µ, D
±
α , D¯
±
α˙ are changed to

△±µ = (M−1± )µν
(∇ν + κλαν∂α + κλ¯να˙∂α˙)
△+α = ∂α + 2i(σµθ¯)α△+µ , △¯+α˙ = −∂α˙
△−α = ∂α, △¯−α˙ = −∂α˙ − 2i(θσµ)α˙△−µ
M+µ
ν = δνµ − 2iκθσν λ¯µ, M−µν = δνµ + 2iκλµσν θ¯
(3.1.5)
Linear chiral superfields are constrained by the condition D¯α˙Φˆ = 0, which can be solved
by Φˆ(x, θ, θ¯) = eiθσ
µθ¯∂µϕˆ(x, θ), with ϕˆ(x, θ) = φˆ(x) +
√
2θψˆ(x) + θ2Fˆ (x). A nonlinear Φ
can be obtained from Φˆ by replacing (x, θ, θ¯) with (z, θ
′
, θ¯
′
) in the latter, [8, 9, 10]
Φ(x, θ, θ¯) = eiθσ
µ θ¯△+µϕ(x, θ) (3.1.6)
Here ϕ(x, θ) = φ+
√
2θψ+ θ2F , obtained from ϕˆ(x, θ) by (x, θ)→ (z+, θ′). Similarly, one
has from an anti-chiral superfield Φˆ†(x, θ, θ¯) = e−iθσ
µθ¯∂µϕˆ†(x, θ¯),
Φ†(x, θ, θ¯) = e−iθσ
µ θ¯△−µϕ†(x, θ¯) (3.1.7)
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Here ϕ†(x, θ¯) = φ† +
√
2θ¯ψ¯ + θ¯2F †, obtained from ϕˆ†(x, θ¯) by (x, θ¯) → (z−, θ¯′) . Taylor
expansions of Φ(x, θ, θ¯) and Φ†(x, θ, θ¯) in terms of θ and θ¯ are listed in Appendix B.
In [6], a chiral superfield XˆNL(y) = φˆX +
√
2θψˆX + θ
2FˆX with the constraint Xˆ
2
NL =
0 was proposed to describe the Goldstino field. In this case, one can identify λ˜ with
ψˆX/
√
2κFˆX , while its nonlinear version is ϕX(x, θ) = θ
2FX [5, 7]. Clearly, ϕX(x, θ) is
a projection operator, which eliminates positive powers of θ in any nonlinear superfields
via multiplication. This observation provides a new and simpler route to reinterpret
constraints in [6] in the language of standard realization of nonlinear SUSY, as we shall
see immediately and in Section 4.
To eliminate heavy components but to keep the light fermion component in QˆNL(y) =
φˆq +
√
2θψˆq + θ
2Fˆq, the complex boson component in HˆNL(y) = φˆh +
√
2θψˆh + θ
2Fˆh, and
a real boson component in AˆNL(y) = φˆa+
√
2θψˆa+ θ
2Fˆa, [6] suggested to use constraints,
XˆNLQˆNL = 0, XˆNL
¯ˆHNL = chiral, and XˆNL(Aˆ − ¯ˆANL) = 0, respectively. Promoting these
linear constraint equations into their nonlinear versions, one finds
XˆNLQˆNL = 0 → θ2ϕQ(x, θ) = 0
XˆNL
¯ˆHNL = chiral → θ2ϕ†H(x, θ¯) is independent of θ¯
XˆNL(Aˆ − ¯ˆANL) = 0 → θ2[ϕA(x, θ)− ϕ†A(x, θ¯)] = 0
(3.1.8)
respectively, since ϕX(x, θ) is proportional to θ
2. From (3.1.8), one easily gets φq = ψh =
Fh = ψa = Fa = 0, and φa = φ
†
a, respectively. In other words,
ϕQ(x, θ) =
√
2θψq + θ
2Fq,
ϕH(x, θ) = φh,
ϕA(x, θ) = φa, here φa = φ†a
(3.1.9)
as one would have hoped. These results can also be obtained by working directly with the
component fields of QˆNL, HˆNL, or AˆNL. However, such calculation could be formidable
without a proper use of the chiral version Goldstino field λ˜. Even with the help of λ˜,
some of these calculations are still tedious and laborious.
3.2 Actions
Actions up to two spacetime derivatives for chiral superfields can generically be expressed
as the sum of a Kahler potential term SK and a superpotential term SW
Sch =
∫
d4xd4θ K
(
Φˆ†(x, θ, θ¯), Φˆ(x, θ, θ¯)
)
+
{∫
d4xd2θW (ϕˆ(x, θ)) + h.c.
}
(3.2.1)
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For example, the most general renormalizable action for chiral superfields has the form
K
(
Φˆ†, Φˆ
)
= Φˆ†i Φˆi
W
(
Φˆ
)
=
1
2
mijΦˆiΦˆj +
1
3
gijkΦˆiΦˆjΦˆk
Here and hereafter, repeated indices i, j are always summed over unless indicated other-
wise. The nonlinear version of the superpotential term SW can be obtained by substitut-
ing integration variables (x, θ, θ¯) with (z±, θ
′
, θ¯
′
), such that ϕˆ(x, θ) → ϕ(x, θ) in W and
ϕˆ†(x, θ¯)→ ϕ†(x, θ¯) in W†, respectively. The measures are then∫
d4z+d
2θ
′
=
∫
d4xd2θ detT detM+,∫
d4z−d2θ¯
′
=
∫
d4xd2θ¯ detT detM−,
(3.2.2)
of Jacobians
detM+ = 1− 2iκθσµλ¯µ + 4κ2θ2λ¯µσ¯νµλ¯ν ,
detM− = 1 + 2iκλµσµθ¯ + 4κ2θ¯2λµσνµλν .
(3.2.3)
respectively. The end result is
SNLW =
∫
d4xd2θ detT detM+ W (ϕ(x, θ)) + h.c. (3.2.4)
Grassmann integrations in SNLW can be easily worked out by noting that
W(ϕ) =W(φ) +
√
2
∂W(φ)
∂φi
θψi + θ
2
(
∂W(φ)
∂φi
Fi − 1
2
∂2W(φ)
∂φi∂φj
ψiψj
)
So SNLW is the real part of
2
∫
d4x detT
{
∂W
∂φi
(
Fi +
√
2iκψiσ
µλ¯µ
)
− 1
2
∂2W
∂φi∂φj
ψiψj + 4κ
2Wλ¯µσ¯νµλ¯ν
}
(3.2.5)
The Kahler potential term can be dealt with in the same manner of Sgen
SNLK =
∫
d4xd4θ detT detM K (Φ†(x, θ, θ¯),Φ(x, θ, θ¯)) (3.2.6)
But this form is complicated and will be systematically treated in Appendix C. Significant
simplification can be achieved by noticing that
SK =
1
2
∫
d4xd4θ
{
K
(
e−2iθσ
µ θ¯∂µϕˆ†, ϕˆ
)
+K
(
ϕˆ†, e2iθσ
µθ¯∂µϕˆ
)}
(3.2.7)
up to surface terms which do not affect perturbation theories. The symmetric form is to
ensure SK to be Hermitian. Note that{
ϕˆ(x, θ)→ ϕ(x, θ)
e−2iθσ
µθ¯∂µϕˆ†(x, θ¯)→ e−2iθσµθ¯△−µϕ†(x, θ¯)
(3.2.8)
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if (x, θ, θ¯) are replaced by (z+, θ
′
, θ¯
′
), and{
e2iθσ
µ θ¯∂µϕˆ(x, θ)→ e2iθσµ θ¯△+µϕ(x, θ)
ϕˆ†(x, θ¯)→ ϕ†(x, θ¯)
(3.2.9)
if (x, θ, θ¯) are replaced by (z−, θ
′
, θ¯
′
). Thus, SK can be treated in the same manner as SW
and one has
SNLK =
∫
d4xd4θ
detT
2
{
detM+K
(
e−2iθσ
µ θ¯△−µϕ†, ϕ
)
+ detM−K
(
ϕ†, e2iθσ
µθ¯△+µϕ
)}
(3.2.10)
For the canonical Kahler potential Φˆ†Φˆ, we have
SNLK = ℜ
∫
d4x detT
{
φ∇µφ†µ − iψσµ∇µψ¯ + FF † (3.2.11)
+
√
2κ
(
2φλ¯ν σ¯
νµ∇µψ¯ + φ†µλνσµσ¯νψ
) −4iκ2φφ†µλνσµσ¯νρλ¯ρ}
with φ†µ given in (B.3).
As in the case of linear SUSY, the F field is quadratic in SNLch so it can be integrated
out via its equation of motion. For the particular Kahler potential here, one actually has
the same form of that in the linear theory,
F = −
(
∂W
∂φ
)†
(3.2.12)
4 Nonlinear reformulation of vector superfields
4.1 Fields
Vector superfields are usually associated with the SUSY generalization of gauge transfor-
mation. They are constrained by the condition
Vˆ (x, θ, θ¯) = Vˆ †(x, θ, θ¯) (4.1.1)
The nonlinear version V can be obtained from Vˆ by substitution rules in (2.5). Due
to gauge symmetries, either Vˆ or V can always be put into the so-called Wess-Zumino
gauge, but not simultaneously. In this paper, V will be chosen in the Wess-Zumino gauge
to simplify the presentation of nonlinear theory, in the same manner as [10]. In [7], this
was proven to be equivalent to the constraint XˆNLVˆ = 0 as proposed in [6], by working
directly with component fields of Vˆ . However, this equivalence can be more easily proved
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by promoting the constraint equation into its nonlinear version and making use of the
fact XNL ∼ θ2 again. Specifically,
XˆNLVˆ = 0 → θ2V = 0 (4.1.2)
so the coefficient functions of 1, θ¯, and θ¯2 all vanish. Since V is a real superfield, the
coefficient functions of θ and θ2 also vanish. This yields nothing but the nonlinear Wess-
Zumino gauge condition on V . For later convenience, we will choose
V = −θσµθ¯vµ + iθ2θ¯(χ¯− 1
2
κσ¯µσνλ¯µvν)− iθ¯2θ(χ− 1
2
κσµσ¯νλµvν)
+
1
2
θ2θ¯2(D − κ2λµσν λ¯µvν) (4.1.3)
where vµ and D are real fields. The unconventional choices of χ and D are to ensure that
they have simple transformation properties in the residual gauge symmetry within the
Wess-Zumino gauge, as to be seen below.
For simplicity, we start with Abelian gauge theories5. The linear supersymmetric
field strength is then Wˆα = −14D¯2DαVˆ . Since Wˆα is a chiral superfield, it can be most
conveniently evaluated in the form of
Wˆα = −1
4
eiθσ
µθ¯∂µ(D¯+)2D+α Uˆ (4.1.4)
here Uˆ is related to Vˆ via
Uˆ(x, θ, θ¯) = Vˆ (x− iθσθ¯, θ, θ¯) (4.1.5)
Promote Vˆ into V via (x, θ, θ¯)→ (z, θ′ , θ¯′) and Uˆ into U via (x, θ, θ¯)→ (z+, θ′, θ¯′)
V = Vˆ (x+ iκλσθ¯ − iκθσλ¯, θ − κλ, θ¯ − κλ¯) (4.1.6)
U = Uˆ(x− 2iκθσλ¯+ iκ2λσλ¯, θ − κλ, θ¯ − κλ¯)
= Vˆ (x+ iκλσθ¯ − iκθσλ¯− iθσθ¯, θ − κλ, θ¯ − κλ¯) (4.1.7)
from which one has U = exp(−iθσµθ¯△µ)V . In components,
U = −θσµθ¯vµ + iθ2θ¯χ¯− iθ¯2θ(χ− κσµσ¯νλµvν)
+
1
2
θ2θ¯2(D − i∇µvµ + κλµσµχ¯− κχσµλ¯µ − 2κ2λµσρλ¯µvρ) (4.1.8)
5Extension to non-Abelian gauge theories is straightforward, as to be shown below.
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In [10], the combination D+ κλµσ
µχ¯− κχσµλ¯µ was identified as the D field, which turns
out to be complex and inconvenient.
The nonlinear supersymmetric field strength is then
Wα = −1
4
eiθσ
µθ¯△+µ △¯+α˙△¯+α˙△+αU = eiθσ
µθ¯△+µ̟α (4.1.9)
̟α = −iχα + θαD − i
2
(σµσ¯νθ)αFµν − 2κ(σµνθ)α(χσν λ¯µ − λµσνχ¯) (4.1.10)
+θ2
[
(σµ∇µχ¯)α − iκ(σµλ¯µ)αD − κ
2
(σµσ¯γσνλ¯µ)αFνγ
+2iκ2(σµσ¯ρνλ¯µ)α(χσρλ¯ν − λνσρχ¯)
]
where
Fµν = ∇µvν −∇νvµ + 2iκ2
(
λµσ
ρλ¯ν − λνσρλ¯µ
)
vρ (4.1.11)
Notice that Wα is invariant under the following residual gauge transformation [10]:
δαvµ = ∇µα(x), δαχ = 0, δαD = 0 (4.1.12)
One sees that both χ and D are invariant under this transformation, which supports the
rational for choosing the particular form of V .
In formulations starting with nonlinear fields directly (see, for example, [11, 12, 13, 7]),
one usually uses the canonical gauge field vCµ instead of the vµ defined here. Under gauge
rotations, vCµ transforms as
δαv
C
µ = ∂µα (4.1.13)
They are related to each other simply via
vCµ = T
ν
µ vν (4.1.14)
Under SUSY transformations,
δξvµ = −iκ(λσν ξ¯ − ξσνλ¯)∂νvµ (4.1.15)
δξv
C
µ = −iκ(λσν ξ¯ − ξσνλ¯)∂νvCµ − iκ∂µ(λσν ξ¯ − ξσνλ¯)vCν (4.1.16)
The canonical field strength is defined as
FCµν = (T
−1)ρµ(T
−1)σν (∂ρv
C
σ − ∂σvCρ ) (4.1.17)
such that Fµν = F
C
µν . They transform co-variantly under gauge transformations and as
matter fields under non-linear SUSY transformations.
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For non-Abelian gauge fields, the nonlinear supersymmetric field strength is
Wα = − 1
8g
eiθσ
µθ¯△+µ △¯+α˙ △¯+α˙e−2gU△+αe2gU (4.1.18)
where Wα = W
a
αT
a and U = UaT a. Wα can be obtained from (4.1.10) by simple modifi-
cations:

Fµν → ∇µvν −∇νvµ + 2iκ2
(
λµσ
ρλ¯ν − λνσρλ¯µ
)
vρ + ig[vµ, vν ],
∇µχ→ ∇µχ + ig[vµ, χ]
vµ = v
a
µT
a, χ = χaT a, D = DaT a
(4.1.19)
where T a is the adjoint representation matrix of the gauge group. Wα is covariant under
the following residual gauge transformation:
δαvµ = ∇µα(x) + i[α(x), vµ], δαχ = i[α(x), χ], δαD = i[α(x), D] (4.1.20)
Note that the gauge group can be arbitrary and need not to be simple.
4.2 Actions
We start with the Abelian gauge group and extensions to arbitrary gauge groups are
straightforward. The kinetic energy for an Abelian gauge field up to two spacetime deriva-
tives is given by
SV =
1
4
∫
d4x
(∫
d2θH (Φˆ)Wˆ αWˆα + h.c
)
(4.2.1)
which can be treated in the same ways as SW by replacing (x, θ, θ¯) with (z±, θ
′
, θ¯
′
) to get
SNLV =
1
4
∫
d4x detT
(
d2θ detM+H (ϕ)̟
α̟α + h.c.
)
(4.2.2)
Integrating out the Grassmann variables, terms inside the parentheses become
H (φ)F̟̟ −
(
∂H (φ)
∂φi
Fi − 1
2
∂2H (φ)
∂φi∂φj
ψiψj
)
χ2 − 4κ2λ¯µσ¯νµλ¯νH (φ)χ2 (4.2.3)
− 1√
2
∂H (φ)
∂φi
ψiψ̟̟ −
√
2iκ
∂H (φ)
∂φi
ψiσ
µλ¯µχ
2 + iκH (φ)ψ̟̟σ
µλ¯µ + h.c.
where the ̟̟ indexed fields are from ̟α̟α = −χ2 + θψ̟̟ + θ2F̟̟, in which
ψ̟̟α = −2iDχα − 2iκλµσµχ¯χα − 3iκχ2(σµλ¯µ)α − (σν σ¯µχ)αFµν − 4iκχσµχ¯λµα
F̟̟ = D
2 − 1
2
FµνF
µν − 1
2
iFµνF˜
µν − 2iχσµ∇µχ¯− 2κDχσµλ¯µ + 4iκχσν λ¯µFµν
+iκλρσ
ν σ¯µσρχ¯Fµν +
1
2
κ2χ2λ¯µσ¯
µσνλ¯ν − 12κ2χ¯2λµσµσ¯νλν (4.2.4)
−4κ2λνσνλ¯µχσµχ¯− 4κ2χλµλ¯ν σ¯νσµχ¯− 2κ2χ¯2λµλµ − 4κ2χ2λ¯µλ¯µ
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For the canonical case H (Φˆ) = 1, one gets
SNLV =
1
2
∫
d4x detT
[
D2 − iχσµ∇µχ¯+ i∇µχσµχ¯− 1
2
FµνF
µν (4.2.5)
+2κχσνλ¯µF˜µν + 2κλ
µσνχ¯F˜µν + 2iκχσ
ν λ¯µFµν − 2iκλµσν χ¯Fµν
+2κ2χσµλ¯µλνσ
ν χ¯− 2κ2χλµλ¯ν σ¯νσµχ¯− 2κ2χ¯λ¯µλνσν σ¯µχ
−1
2
κ2χ2λ¯µσ¯
µσνλ¯ν − 1
2
κ2χ¯2λµσ
µσ¯νλν − 2κ2χ¯2λµλµ − 2κ2χ2λ¯µλ¯µ
]
Non-Abelian actions can be obtained from these by modifications as given in (4.1.19).
For Abelian gauge theories, there could be the so-called Fayet-Iliopoulos terms6,
SFI = 2ξFI
∫
d4xd4θVˆ (x, θ, θ¯) (4.2.6)
Converted into nonlinear realization by replacing (x, θ, θ¯) with (z, θ
′
, θ¯
′
), one has
SNLFI = 2ξFI
∫
d4xd4θ detT detMV (x, θ, θ¯)
= ξFI
∫
d4x detT
(
D + κλµσ
µχ¯+ κχσν λ¯ν − 2iκ2ǫµνρσλµσσλ¯νvρ
)
(4.2.7)
The last term in the parentheses seems to be non-covariant with respect to the residual
gauge symmetry (4.1.12). It turns out that its infinitesimal gauge transformation times
detT is a total derivative [10].
The coupling between a chiral superfield and an Abelian gauge superfield is given by
SVK =
∫
d4xd2θd2θ¯Φ†e2gVΦ (4.2.8)
which can be dealt with in the same manner as SK. That is, to substitute (x, θ, θ¯) by
either (z, θ
′
, θ¯
′
) or (z±, θ
′
, θ¯
′
). The former can be evaluated by the general procedure given
in Appendix C. The latter is simpler to use and one has
SV,NLK =
1
2
∫
d4xd2θd2θ¯ detT detM+
[
e−2iθσ
µθ¯△−µϕ†(x, θ¯)
]
e2gUϕ(x, θ) + h.c. (4.2.9)
Explicitly, one has SV,NLK as the real part of∫
d4x detT [DµD
µφ†φ+ iDµψ¯σ¯µψ + F †F + gDφ†φ+
√
2igφ†χψ −√2igψ¯χ¯φ
+κ
(−√2λ¯µσ¯νσµDνψ¯φ+√2Dνφ†λµσν σ¯µψ
+
√
2ψ¯∇µλ¯µφ+ gφ†λµσµχ¯φ+ gφ†χσµλ¯µφ
)
+2κ2
(
ψ¯λ¯µλνσ
µσ¯νψ − 2iλνσµσ¯νρλ¯ρDµφ†φ
)
−4√2iκ3λ¯µψ¯λνσµσ¯νρλ¯ρφ
]
(4.2.10)
6There are strong arguments against the presence of Fayet-Iliopoulos terms, in the context of super-
gravity [14, 15]. But they are included here for the sake of completeness.
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Here the gauge covariant derivatives are
Dµ
(
φ
ψ
)
= (∇µ + igvµ)
(
φ
ψ
)
(4.2.11)
and ∇µ + igvµ = (T−1)νµ(∂ν + igvCν ). If Φ is in the representation ta of a non-Abelian
gauge group, one needs to make replacements: vµ → vaµta, χ→ χata, D → Data.
Just as in the case of linear SUSY, both F/D fields are quadratic in SNLV + S
NL
FI +
SV,NLK + S
NL
W so they can be integrated out via equations of motion. For the canonical
Kahler potential and H = 1, one has,{
D = −ξFI − gφ†φ, Abelian
Da = −gφ†T aφ, non− Abelian
(4.2.12)
Both assume the same forms as those of linear theories and F is determined by (3.2.12).
5 Conclusions
We have in this paper revisited the nonlinear realization of spontaneously broken N = 1
supersymmetry. We have shown that the constrained superfield formalism as proposed in
[6] can be reinterpreted in the language of standard realization of nonlinear supersymmetry
via a new and simpler route. We have presented explicit formulas of actions for all
renormalizable theories with or without gauge interactions. Particular attentions have
been paid to the kinetic energies of chiral and vector superfields. The nonlinear version
of the Wess-Zumino gauge was discussed. In addition, relations had been worked out
for canonical gauge fields and those emerged naturally in the nonlinear reformulation. A
general procedure was also provided to deal with theories of arbitrary Kahler potentials.
In this reformulation, both F/D fields are quadratic in the nonlinear action, so they
can be integrated out via equations of motion. But all other component fields in Φ or V
are kept. Since they all transform into themselves and are independent of one another, any
of them can be integrated out without breaking the nonlinear SUSY. Whether and how
to integrate out a component field are dynamical questions. When some component fields
have masses much higher than the energy scale of the concerned physical process, they
can be integrated out. Ignoring quantum fluctuations, these heavy fields can be expressed
in terms of the light ones via equations of motion. To include quantum fluctuations,
matching and renormalization group running will be used, which can only be carried
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when perturbation theory is applicable. For strongly coupled systems, non-perturbative
procedures need then to be developed. Either way, heavy fields are effectively substituted
by a set of high order operators constructed out of light fields.
Here one can make a connection between effective theories thus obtained with those
constructed directly out of light fields. In the latter cases, heavy fields are automatically
set to zero, with their effects represented by all possible high order operators permit-
ted by the nonlinear SUSY and other symmetries of the theory of arbitrary coefficients.
Starting with a fundamental theory and reformulated into the nonlinear version, all these
coefficients can be determined, at least in principle, by integrating out heavy fields sys-
tematically.
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Appendix A: Explicit expressions for detT and detM
Up to a multiplicative constant, detT is the so-called Akulov-Volkov action for the non-
linear Goldstino field, which is ubiquitous in nonlinear actions. Explicitly,
detT = 1− iκ2(∂µλσµλ¯− λσµ∂µλ¯) (A.1)
+κ4
[−iǫµνργλσρλ¯∂µλσγ∂ν λ¯− λ¯2∂µλσµν∂νλ− λ2∂µλ¯σ¯µν∂νλ¯]
−iκ6λ2λ¯ [σ¯ρ∂ρλ∂µλ¯σ¯µν∂ν λ¯+ 2σ¯ν∂µλ∂νλ¯σ¯ρµ∂ρλ¯]
−iκ6λ¯2λ [σρ∂ρλ¯∂µλσµν∂νλ+ 2σν∂µλ¯∂νλσρµ∂ρλ]
+κ8λ2λ¯2[∂µλ¯σ¯
µν∂νλ¯∂ρλσ
ργ∂γλ+ ∂µλ¯σ¯
νγ∂ρλ¯∂νλσ
µρ∂γλ
+4∂µλ¯σ¯
µρ∂ν λ¯∂ρλσ
γν∂γλ]
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The combination detT detM appears in the Jacobian when one changes integration vari-
ables from (z, θ
′
, θ¯
′
) to (x, θ, θ¯). One has
detM = 1 + iκ(λµσ
µθ¯ − θσµλ¯µ) (A.2)
+κ2
[−iǫµνργθσρθ¯λµσγ λ¯ν − θ¯2λµσµνλν − θ2λ¯µσ¯µν λ¯ν]
+iκ3θ2θ¯
[
σ¯ρλρλ¯µσ¯
µν λ¯ν + 2σ¯
νλµλ¯ν σ¯
ρµλ¯ρ
]
+iκ3θ¯2θ
[
σρλ¯ρλµσ
µνλν + 2σ
νλ¯µλνσ
ρµλρ
]
+κ4θ2θ¯2[λ¯µσ¯
µνλ¯νλρσ
ργλγ + λ¯µσ¯
νγ λ¯ρλνσ
µρλγ + 4λ¯µσ¯
µρλ¯νλρσ
γνλγ]
Notice that detT can be obtained from detM by substitutions: θ → −κλ(x) and θ¯ →
−κλ¯(x), ∇µ → ∂µ.
Appendix B: Taylor expansions of Φ(x, θ, θ¯) and Φ†(x, θ, θ¯)
Notice that for linear chiral superfields,

Φˆ(x, θ, θ¯) = φˆ(x) + iθσµθ¯∂µφˆ(x) +
1
4
θ2θ¯2∂2φˆ(x)
+
√
2θψˆ(x)− i√
2
θ2∂µψˆ(x)σ
µθ¯ + θ2Fˆ (x)
Φˆ†(x, θ, θ¯) = φˆ†(x)− iθσµθ¯∂µφˆ†(x) + 14θ2θ¯2∂2φˆ†(x)
+
√
2θ¯
¯ˆ
ψ(x) + i√
2
θ¯2θσµ∂µ
¯ˆ
ψ(x) + θ¯2Fˆ †(x)
(B.1)
Taylor expansions of the nonlinear Φ(x, θ, θ¯) and Φ†(x, θ, θ¯) in terms of θ and θ¯ can be
obtained from them by the following substitution rules:

(φˆ, ψˆ, Fˆ )→ (φ, ψ, F ), (φˆ†, ¯ˆψ, Fˆ †)→ (φ†, ψ¯, F †),
∂µφˆ→ φµ, ∂µψˆ → ψµ + i
√
2κφνσ
νλ¯µ
∂µφˆ
† → φ†µ, ∂µ ¯ˆψ → ψ¯µ − i
√
2κλµσ
νφ†ν
∂2φˆ→∇µφµ +
√
2κψµλµ + 2iκ
2λµσν λ¯µφν
∂2φˆ† →∇µφ†µ +
√
2κψ¯µλ¯µ − 2iκ2λµσν λ¯µφ†ν
(B.2)
where {
φµ = ∇µφ+
√
2κψλµ, ψµ = ∇µψ +
√
2κFλµ
φ†µ = ∇µφ† +
√
2κψ¯λ¯µ, ψ¯µ = ∇µψ¯ +
√
2κF †λ¯µ
(B.3)
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Appendix C: General Kahler potential with or without
gauge couplings
Here we provide a general procedure to deal with theories of arbitrary Kahler potentials.
We will start with the linear theory and provide a set of substitution rules to get the
nonlinear action. To simplify presentation, we will abuse notations by using the same
fields to denote both linear and nonlinear fields, with explicit explanations to indicate
their meaning whenever necessary.
In the linear theory, the Kahler potential is a vector superfield. Without gauge cou-
plings, it can be Taylor expanded as follows,
K(Φ†,Φ) = φK + θψK + θ¯ψ¯K + θσµθ¯vKµ (C.1)
+θ2FK + θ¯
2F †K + θ
2θ¯χ¯K + θ¯
2θχK + θ
2θ¯2DK
where
φK = K(φ†, φ) (C.2)
ψKα =
√
2
∂K
∂φi
ψiα (C.3)
FK =
∂K
∂φi
Fi − 1
2
∂2K
∂φi∂φj
ψiψj (C.4)
vKµ = i
∂K
∂φi
∂µφi − i ∂K
∂φ†i
∂µφ
†
i +
∂2K
∂φi∂φ
†
j
ψ¯j σ¯µψi (C.5)
χKα =
i√
2
[
∂K
∂φ†i
σµαα˙∂µψ¯
α˙
i −
∂2K
∂φ†i∂φj
(
σµαα˙ψ¯
α˙
i ∂µφj + 2iF
†
i ψjα
)
(C.6)
+
∂2K
∂φ†i∂φ
†
j
σµαα˙∂µφ
†
i ψ¯
α˙
j + i
∂3K
∂φ†i∂φ
†
j∂φk
ψ¯iψ¯jψkα
]
DK =
[
1
4
∂µ
(
∂µK + 2i ∂
2K
∂φ†i∂φj
ψ¯iσ¯
µψj
)
(C.7)
+
∂2K
∂φ†i∂φj
(
F †i Fj − ∂µφ†i∂µφj − iψ¯iσ¯µ∂µψj
)
−1
2
∂3K
∂φi∂φj∂φ
†
k
ψiψjF
†
k −
1
2
∂3K
∂φ†i∂φ
†
j∂φk
ψ¯iψ¯jFk
+i
∂3K
∂φi∂φj∂φ
†
k
∂µφiψjσ
µψ¯k +
1
4
∂4K
∂φi∂φj∂φ
†
k∂φ
†
l
ψiψjψ¯kψ¯l
]
16
When coupled to a gauge field, the Kahler potential becomes K(Φ†, e2gVΦ), which can be
obtained from K(Φ†,Φ) by the following replacements:


∂µφ→ (∂µ + igvµ)φ, ∂µψ → (∂µ + igvµ)ψ + 1√2 χ¯σ¯µφ,
∂µφ
† → (∂µ − igvµ)φ†, ∂µψ¯ → (∂µ − igvµ)ψ¯ + 1√2 σ¯µχφ†,
∂µ∂µφ→ (∂µ + igvµ)(∂µ + igvµ)φ+ 2Dφ,
∂µ∂µφ
† → (∂µ − igvµ)(∂µ − igvµ)φ† + 2Dφ†.
(C.8)
To get nonlinear actions of theories without gauge couplings, we make the following
replacements in the linear K(Φ†,Φ) by rules in (B.2). The nonlinear action is obtained
by multiplying the expression thus obtained by detT detM and integrated over (x, θ, θ¯).
When coupling to gauge fields, one needs further the replacements in the nonlinear actions
thus obtained:

∇µφ→ (∇µ + igvµ)φ, ∇µψ → (∇µ + igvµ)ψ + 1√2 χ¯σ¯µφ,
∇µφ† → (∇µ − igvµ)φ†, ∇µψ¯ → (∇µ − igvµ)ψ¯ + 1√2 σ¯µχφ†,
∇µ∇µφ→ (∇µ + igvµ)(∇µ + igvµ)φ+ 2Dφ,
∇µ∇µφ† → (∇µ − igvµ)(∇µ − igvµ)φ† + 2Dφ†.
(C.9)
Note that both F/D fields are quadratic in the nonlinear action.
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